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The equilibrium field near the tip of a crack for finite

plane strain of incompressible elastic materials*

by
Rodney A. Stephenson

California Institute of Technology

Summagz/‘

T;is investigation is concerned with the deformations and stresses
in a slab of all-around infinite extent containing a traction-free plane
crack, under conditions of plane strain. The analysis is carried out
within the framework of the fully nonlinear equilibrium theory of homo-
geneous and isotropic incompressible elastic solids.- For a fairly wide
class of such materials and general loading conditions at infinity, as-
symptotic estimates appropriate to the various field quantities near the
crack-tips are deduced. For a subclass of the materials considered, these
results — in contrast to the analogous predictions of the linearized
theory — lead to the conclusion that the crack opens up in the neighborhood
of its tips even if the applied loading is antisymmetric about the plane
of the crack, (e.g., Mode II loading). It is shown further that the non-

linear global crack problem corresponding to such a loading in general

cannot admit an antisymmetric solution.
Q
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The results communicated in this paper were obtained in the course of an
investigation supported in part by Contract N00014-75-C-0196 with the
Office of Naval Research in Washington, D.C.
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Introduction

Early investigations of crack problems beyond the scope of the clas-
sical theory of elasticity typically retain the kinematic assumption of
infinitesimal deformations while relinquishing the linear stress-strain
law in favor of nonlinear constitutive relations of one kind or another.1
Apparently the first investigation of a érack problem within the fully
nonlinear equilibrium theory of elastic materials is due to Wong and Shield
[2]. 1In [2] an approximative global solution is obtained to the problem
of a finite crack in an all-around infinite thin incompressible sheet of
a neo-Hookean material, subjected to biaxial temnsion at infinity, on the
assumption that the deformations are large throughout the sheet.

Knowles and Sternberg [3], [4] deal with the péoblem of an infinite
slab of a compressible elastic material containing a plane traction-free
crack, within the equilibrium theory of finite plane strain; they restrict
their attention to a loading of uniaxial tension at right angles to the
plane of the crack kMode I loading) and analyze the structure of the en-
suing elastostatic field near the crack-tips. The Mode III crack prob-
lem, in which the loading at infinity is one of longitudinal shear parallel
to the edges of the crack, is explored asymptotically in the finite theory
for a class of incompressible elastic materials by Knowles [5]. Additional
work on the nonlinear Mode III problem may be found in [6], [7], [8]. The
investigations referred to above, as well as some related studies in finite

elastostatics, are reviewed in several survey papers [9), [10], [11], [12].

1See, for example, a comprehensive survey by Rice [1].
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The present study, which is also set within finite elastostatics,
retains the body geometry underlying [3], [4], as well as the assumption
of plane strain, but supposes the material to be incompressible. The
particular constitutive assumptions introduced here allow for both harden-
ing and softening behavior in simple shear, but preclude a loss of ellip-
i ticity of the governing displacement equations of equilibrium.1 In ad-

‘ dition, more general loading conditions at infinity are considered, so as
to encompass in particular the Mode II loading of simple shear parallel
to the crack faces.

Section 1 contains a review of some prerequisites from the finite
theory of plane strain for homogeneous, isotropic incompressible elastic
solids and introduces a particular class of materials underlying the sub-

sequent analysis. In Section 2 we formulate the global crack problem

with which we are concerned and recall certain properties of the solution
to the analogous crack problem in the linearized theory. We then show
that, at least for the Mooney-Rivlin material, the global nonlinear Mode II
problem, in contrast to its counterpart in the linear theory, does not
admit a solution antisymmetric about the plane of the crack. Section 3

and Section 4 are devoted to an asymptotic analysis of the elastostatic
field near the crack-tips. Finally Section 5 contains a discussion of

the main conclusions reached concerning the ensuing local deformation and

stresses.

lA potential loss of ellipticity in the context of the Mode III prob-
lem is provided for in (7], [8].




1. Preliminaries from the finite theory of plane strain for incompres-

sible elastic solids

Throughout this paper we shall be concerned with plane finite
elastostatics of homogeneous and isotropic incompressible materials,
in the absence of body forces. Consider a body which in an undeformed
configuration occupies a cylindrical region of space. Denote by Il
the open projection of this‘region onto a plane that is perpendicular
to the generators of the lateral boundary. Introduce a two-dimensional
rectangular cartesian coordinate system in this plane and thus let
(xl, x2) be coordinates associated with the position vector1 X .

A plane deformation of the body parallel to the (xl, x2)-p1ane

igs characterized by the mapping
y=3(x) =xtu(x) on I . (1.1)

Thus Y is the position vector of points in the deformation image
H*=-2KH), while u is the displacement field. We suppose the function
i to be twice continuously differentiable on 1II, and the mapping (1.1)
to be invertible,

Let F be the associated deformation-gradient field, so that
E-Vi on I . (1.2)

Since the body is incompressible, the deformation (1.1) must be locally

lHere and in what follows, letters underlined by a tilde designate
vectors and second-order tensors in two dimensions.




volume-preserving and hence

J=detF=1 on I . (1.3)
Further, let
I=tr£T§_ on I . (1-4)1

With the aid of (1.3), the scalar deformation invariant I is readily

found to obey
I22 on I , (1.5)

and I=2 only in an undeformed configuration.
Next, let T stand for the two-dimensional Cauchy (true) stress-~
tensor field, regarded as a function of position on ‘T*. For an equi-

librium deformation, in the absence of body forces,

divi=0, 1=1 on II' . (1.6)

If g designates the associated Piola (nominal) stress field on 1, ome

has in view of (1.3),

o(®) = T(F)F T(x) for all x in T . 1.7)?

In terms of the nominal stresses, the equilibrium equations (1.6) become

divg=0, g"l:‘:r=£g:r on II . (1.8)

1’l'he superscript T 1indicates transposition.

2Here E-T denotes the inverse of 'lj'_T.
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For future reference we also recall the following result. Suppose
I' is a regular arc in I, and I‘*='}Z(I‘) its image in I[*. Next let n
and n* be the oriented unit normal vectors of T and T#*, respectively,

and denote by s and t the Piola and Cauchy traction vectors defined by

s*gn on I, t=tn* on T* ., (1.9)
Then,
s=0 on T if and only if t=0 omn T* . (1.10)

Moreover, if the deformation and the nominal stress field are suitably
regular in the closure of II, (1.10) continues to hold true for an arc
I' on the boundary of II. The foregoing result thus enables one to im-
pose boundary conditions at a traction-free edge without involving the
unknown deformation image of such a part of the boundary.

Suppose now the elastic solid under consideration possesses an
elastic potential, and let W stand for the strain-energy density per
unit undeformed volume, regarded as a function of position on [I. For
plane deformations of a homogeneous and isotropic incompressible elastic
solid, W depends on the material position vector exclusively through

the deformation invariant I. Hence,
o
W(':s)=w(1(£)) for all x in n ., (1.11)

where W(I) 1is the plane-strain elastic potential. The appropriate
congtitutive law, as far as the in-plane stress response is concerned,

now becomes
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g=20 (DF-pF~ on T , (1.12)

in which &' is the derivative of ﬁ, while p 1is an arbitrary hydro-
gtatic pressure field arising from the constraint of incompressibility.
In view of (1.12), the second of the equilibrium equations (1.8) is
satisfied a priori.

We now turn to certain restrictions to which the elastic potential

W(I) 1is subject. First, we shall take for granted that
-] -]
W(I)z0 for 1>2, W(2)=0 , (1.13)

so that in particular the strain-energy density vanishes in the undeformed

state. Next, according to the relevant Baker-Ericksen inequality,
-] 0
W (1)>0 for I>2 . (1.14)

This inequality admits a simple physical interpretation in the context
of a plane homogeneous deformation corresponding to simple shear. 1In

this case, the components of the deformation-gradient tensor are given by
1
[Fus] - , (1.15)
0 1

in which k 1is the amount of shear. It follows from (1.12), (1.7) that

for such a deformation the true shearing-stress component T2 obeys

1,2 100 =2k’ (2+K2) (1.16)

lcreek subscripts have the range (1,2) and summation over repeated sub-
scripts is implied.
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and we henceforth refer to the graph of t(k) as the response curve

for simple shear. The inequality (1.14) thus holds provided t(k)

and k have the same sign, as demanded by obvious physical considerations.
Finally, we recall from Abeyaratne [13] that the pertinent displace-

ment equations of equilibrium — obtained by elimination of g between

(1.8), (1.12) and subject to the constraint (1.3) — are elliptic at a

solution u and at a material point x if and only if

Wio, 2D 1 pe150 1.17)
v (D)

where I=1I(x) 1is the associated value of the deformation invariant de-
fined in (1.4). The first of these inequalities is assured by (1.14),
while the second is readily seen to be equivalent to the requirement
that the slope of the response curve for simple shear be non-negative at
k=vVI-2 .

At this point we introduce a particular class of incompressible
elastic materials, hereafter referred to as power-law materials, which
will play an important part in the analysis to follow. This class of

materials is characterized by

n—l)

-] -
W(D) = AT™+BI™ L4 o(1 as I~ |, (1.18)

in which A, B and n are constants with A and n positive. We
shall assume further that the asymptotic identities obtained by two suc-
cessive formal differentiations of (1.18) are also valid. It should be
emphasized that (1.18) merely stipulates the asymptotic behavior of the

elastic potential at large values of I, and does not otherwise restrict
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its specific form. A special case of an incompressible material con-
forming to (1.18) is supplied by the Mooney-Rivlin material, with the

complete plane-~strain elastic potential
WD =5a@-2) . (1.19)

This particular potential evidently satisfies (1.18) with n=1, A=yu/2,
B=-yu.
According to (1.16), the response of a power-law material in simple

shear obeys

2n—1+ ( 2n-1

(k) = 2nAk o(k ) as k—oo . (1.20)

The corresponding response curve, for a range of valies of the parameter

n, 1is indicated in Figure 1. For n>1 the material hardens under

simple shear, for n<1l i1t softens, wh‘ile for n=1 the response function
t(k) 1is asymptotically linear. For this reason we shall from here on refer
to n as the "hardening parameter." When n=1/2, 1(k)—A as k=o0;
when n<1/2, +t(k) 1is bound to reach a maximum beyond which it monoton-
ically declines to zero. Such a "collapse under shear" is, as previously
remarked, associated with a possible loss of ellipticity of the governing
field equations. In contrast, if n>1/2, the ellipticity conditions are

necessarily met at all sufficiently large values of 1I.




2. Formulation of the global crack problem. Global considerations.

We proceed here to the global formulation of the problem with which

we are concerned. Let & be the straight-line segment

£={£lx2=0, —b5xlsb] . (2.1)

and suppose II to be the region exterior to &, as indicated in Figure 2.
Accordingly, the undeformed body is an all-around infinite slab containing
a plane crack of length 2b. We shall assume that the faces of the crack
are traction-free and that a known homogeneous state of plane deformation
prevails at infinity.

Thg problem to be considered may be stated as follows. Given an
elastic potential ﬁ(I), we seek a suitably regular plane deformation i
on I, subject to (1.3), as well as a nominal stress field g and a pres-
sure field p such that (1.12) holds, while g satisfies the equilibrium
equations (1.8); in addition § is to be consistent with the pre-assigned

~

deformation at infinity, whereas g should conform to the boundary condi-

tion for the crack faces. The latter, in view of (1.10), are satisfied
provided

oaz(x1,0+)=0, caz(xl,O—)=0 (—b<x1<b) . (2.2)
Finally, we stipulate that

2(£)-E1+0(1) as xi+x§-°oo . detf-l . (2.3)
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where E is a constant tensor. ’
The function §y should be twice continuously differentiable on
I, as required before, and continuous up to £, while F 1s to be con- g}

‘ ] tinuous up to the interior of &. Further, we assume that & is twice

continuously differentiable on [2,00) and throughout its interval of

definition meets the ellipticity conditions (1.17). Thus, taking for

1

granted the existence of a solution to the global problem at hand, el-
lipticity is bound to prevail on I, and 2 is assured to have continuous
partial derivatives of all orders on II.

Let 8 be the class of all {if g, p} that satisfy the field equa-

tions referred to above, as well as the boundary conditions (2.2). Clearly,

a solution to the complete problem formulated above belongs to &; con- L
versely any member of # that meets condition (2.3) is a solution to this
problem. For future purposes it is essential to note that if {2, 9, p} !
is in &, the same is true of {gi, Qg, p} for every proper orthogonal
tensor Q. This claim is readily confirmed because of the objectivity

of the constitutive law (1.12) and by virtue of the form of the boundary

conditions (2.2). s

At this stage we recall certain properties of the familiar solutions 1
to the analogous crack problem within the linearized equilibrium theory !
of plane strain, which encompass both compressible and incompressible elas-
tic solids.1 In view of the principle of superposition it is sufficient R
in this connection to consider separately the following two loading modes

at infinity,

1See for example Rice [1].
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Mode I: 3

1 =g+0(l) as x2+x§-°oo , (2.4)1

L=o), o 1

22

Mode 1II: 311=322=o(1),812=0+o(1) as xi+x§-°oo . (2.5)

Thus Mode I corresponds to uniform uniaxial tension perpendicular to the
crack faces, while Mode II corresponds to simple shear parallel to the
crack faces.

For the Mode 1 loading the resulting displacement field is symmetric

about the x,-axils, so that

1

&1 (xl,xz) = &l(xl,- xz), i‘12 (xl,xz) =-u, (xl,—xz) . (2.6)

On the other hand, the displacement field associated with Mode II is anti-

symmetric, whence
(-4 -] -3
ul(xl,xz) = -ul(xl,- x2), uz(xl,xz) = uz(xl,—xz) . 2.7

Further, the crack faces in Mode II undergo an in-plane gliding deforma-
tion and do not separate.

We now cite the asymptotic behavior of various field quantities
near the crack-tips. To this end let (r,8) be the local polar coordi-

nates (see Figure 2) defined by

xl-bsrcose, Xx,=rsinf, ((0sr<oo, -1s6s7) . (2.8)

2

Accordingly, the right-hand crack-tip corresponds to r=0, while the

crack faces are located at 6=-1r and 6=m, respectively.

lﬁu and 30 are the components of the displacement and stress fields
in the linearized theory.
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For the Mode I loading, as r-—0:

I _1/2

{ ﬁl = = r cos% (1-2v+ sinZ%) +o(r1/2

)
(2.7)

= — rl/zsin% [2(1 -v) - coszg-] +o(r1/2) :

-1/2 8 o, 36
1= KIr cosi(l—sinzsinz ) +o(r

~1/2

Qo
|

)

12= KI r cos 7 o8 5~ sin—z- +o(r

Qo

-1/2)

322’ Ky /2 cos% (1+ sin%sin}z—e) + o(r-l/z) )

Here u 1is the shear modulus for infinitesimal defoxmations, v is
Poisson's ratio, while KI is the Mode I stress-intensity factor, given

by

K = s/t . (2.11)

For the Mode II loading, as r-0:

K

:‘1 - AL rllzsin% [2(1— v) + coszg] +o(1‘1/2) s
(2.12)
o Kiro1/2 0 20 1/2
u, = ——— r '“cos=+ [-(1- 2v) + sin —-] +o(r™'%)
2 M 2 2
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o

-1/2
911" Ky T

6 36

sin—g- (=2-cos 7 cos 5~ ) + o(r-']‘/2

) ™

o -1/2

° 3 ~1/2

- 8 1-ein8sin38
12 Knr cosz(l sinzsin2)+o(r )y , k(2.13)

I

322= g r_]‘/z cos% sin% cosézg + o(r"l/2

with

1/2
KII=o(b/2) . (2.14)

The displacements appropriate to the special case of an incompressible

linearly-elastic body are obtained by setting wv=1/2 in the formulas
cited above.

Although superposition no longer holds in the t'wnlinear theory, it
is still useful to consider separately the kinematic counterparts of the
Mode I and Mode II loadings. Corresponding to the symmetric loading
case we now require the deformation at infinity to be one of uniaxial

stretching, characterized by

[%DaB]SI:; :1] , A>0 , (2.15)

in which A and A-l are the principal stretch ratios at infinity. The

analogue of the antisymmetric loading case is a state of simple shear

governed by

[%’ae]-[z j , (2.16)

—d

e T v e =
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and k 1is the amount of shear at infinity.

Since the governing field equations in the finite theory do not
remain invariant if ul(xl,xz), u2(x1,x2) are replaced by —ul(xl,-xz),
uz(xl,-xz),one is led to wonder whether or not the nonlinear Mode 1I
problem admits a solution that is antisymmetric about the plane of the
crack. We shall now show that, at least for the Mooney-Rivlin material,

a solution with this parity cannot possibly exist. To this end suppose
now that W is given by (1.19). Eliminating g between (1.12) and (1.8),
and invoking (1.2), (1.3), (1.4), (1.19), we find that

1 A4 1
;p,a Ya,a7h,88 0 n. (2.17)

Equation (1.3), in view of (1.1), becomes

1+ul’1+u2’2+u1’1u2,2-u1’2u2,1=1 on T . (2.18)

Now assume u has the parity of i in (2.7). Then (2.18) implies

l-ul,l—u2’2+u1’1u2’2—u1’2u2’1=1 on T . (2.19)

Therefore
u1,1+u2’2=0 on T , (2.20)
=0 on II . (2.21)

Y1,1%2,27%,2%2,1

l‘ﬂere and in the sequel gubscripts preceded by a comma indicate partial
differentiation with respect to the appropriate cartesian coordinate.

e - -
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Next, p=p4p” on I, provided

P" %[p(xl’xz) -p(xls‘xz)] ’

(2.22)
1
p'= 5[p(xl,x2) +p(x1,—x2)] .
By virtue of the assumed parity of u, (2.17) and (1.1) give
Lo au on T (2.23)
u p,u a,BB ' :

From (2.23), (2.20) it follows that p’ is harmonic and u is biharmonic

on II:

vp'=0, v”uaao on T . (2.24)

For the Mode II problem one draws from (2.16), (2.3), (1.1) that

u1=kx2+0(1), u2=0(1) as p=¢xi+x§-‘m . (2.25)

We shall now prove that (2.20), (2.21), (2.24), (2.25) imply

u -kxz, u,=c on I, ¢ = constant , (2.26)

1 2

so that the entire deformation field is one of homogeneous simple shear,
which contradicts the boundary condition (2.2) for traction-free faces
of the crack.

With a view to establishing this claim, we observe first that
u, -kx, and u, are both biharmonic on II, and hence in the neighbor-

1 2 2
hood of infinity defined by 7= [£|p >b}, 2b being the crack length;

2
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further both of these functions are bounded as p-~o. As shown in the

Appendix, Yy then admits an expansion of the form

(o)
3

(a)

u (x;,%,) =k§  x,+ ] [a{® sin Jo+ gy cos(y - 2)9

i cos jp+b
3=0

+a¥sin(-2ele™) o0 1, @27

where ¢ 1is the polar angle defined by x =pcosg, x2=psincp. The

1
series in (2.27) is absolutely and uniformly convergent on every closed
subset of 7 . Substitution from (2.27) into (2.20), (2.21), in view of
the parity of U, confirms that these equations cannot hold unless all

82) in the above series vanish. Continuation

coefficients apart from a
of the biharmonic functions ucl from 7N onto I now yields the desired
conclusion (2.26).

In view of the above result it is a plausible conjecture that the
Mode II global crack problem under consideration fails to admit an anti-

symmetric solution for every legitimate choice of the plane-strain elastic

potential W.

»




3. Asymptotic analysis of the elastostatic field near the tips of the

crack.

In this section we aim at the local structure near one of the
crack-tips of the solution to the global problem stated in Section 2.
For this purpose it 1s sufficient to consider the right-hand crack-tip,
situated at xl=b, X, = 0. We suppose that the material has an elastic
potential of the power-law type (1.18). Further, if (r,8) are the local
polar coordinates introduced earlier (see Figure 2), we assume that the
deformation field of the solution admits an asymptotic representation of
the form

m .
§a(xl,x2) ~r “ua(e) as r—0 (no sum on a) . (3.1)1

Here w, and m, are originally unknown constants obeying

0<m-min{m1,m2]<1 . (3.2)

whereas Ua are as yet undetermined functions that fail to vanish iden-
tically on [-m,w]. In addition we take for granted the validity of the
asymptotic equalities obtained by two successive formal differentiations

of (3.1). Note that (3.2) implies that the deformation is continuous at
the crack-tip, and that at least one of the deformation gradient components
Fuﬁ becomes unbounded there. Observe also that according to (3.1), (3.2)

the deformation image of the crack-tip has for convenience been placed

Ll'he agymptotic equality symbol "~" 1is used in its standard connotation.
Thus, f(r) ~g(r) abbreviates f(r)=g(r)+o(g(r)) as r=0.

A
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at the origin of the cartesian coordinates, which can always be ar-
ranged by means of a suitable translation. Finally, we suppose that

the pressure field associated with the global solution satisfies
p(xl,xz)fvrzP(e) as r—=0 |, (3.3)

2 being another constant exponent, and assume that this asymptotic
identity may be formally differentiated at least once.

As pointed out in Section 2, the unknown global solution {ifg,p]
necessarily belongs to the class & introduced there, regardless of the
particular prescription (2.3) at infinity. It follows that the determina-
tion of §a and p 1n accordance with (3.1) and (3.3) for an arbitrary
member of & 1is bound to encompass the asymptotic behavior of the solu-

tion to the complete crack problem at hand.

We now show that for the present purpose (3.1) may — without loss

of generality — be replaced by
ya(xl,xz)vvrmUa(O) as r—0 . (3.4)

With this aim in mind we first note on the basis of the discussion in
Section 2 that whenever {y,o,p} is in &, the same is true of

[gf,gf.P*} , where
y*=Qy, o*=Qg, p*=p |, (3.5)

and Q 1s an arbitrary proper orthogonal tensor. The components of
every such tensor in the underlying coordinate frame admit the representa-

tion

- v~ -

|
E
i
i
L
i
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cos -sin
[Q B] = (P ‘p » (3-6)
@ sing cos ¢

for some ¢ 1in the interval [0,27). From (3.6), (3.5), (3.1) one

finds

m m m m
§f=r lUl(e)coscp—r 2U2(e)sincp+ o(r 1) +o(r 2) ,

(3.7
§§ = rmlUl (8)sing+ rszz (8)cos p+o0 (rml) + o(rmz) R
whence there are functions U: such that
F*(x) %)) = TUX(0) + o (™) . (3.8)

Further, since Ua is not permitted to vanish identically, it is always
possible to choose ¢ so as to assure that U; fails to vanish identi-
cally. Now, dropping the asterisk in (3.8) we arrive at (3.4).

Note that the transformation (3.5) represents a rigid rotation of
the deformed body about the origin, determined by the rotation temsor Q;

further, the same rotation is applied to the nominal stress field g as-

sociated with the original deformation. Consequently the asymptotic analy-

sis to follow can determine the local behavior of the global solution at
most to within an unknown rigid rotation, which would ultimately depend
on the particular prescription at infinity. In this connection it should
be emphasized, however, that most of the desired local field quantities
are in fact invariant under such a rotation. For the special case of the
Mode I loading the local solution is bound to be symmetric about the

xl-axis and this additional restriction supplies essential information

e Tt e R 1T 8 TR W A

t
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relevant to the determination of the rotation temsor Q. As is clear
from the discussion at the end of Section 2, analogous parity restric-
tions are not available for the Mode II loading.

We now seek to determine the smallest exponent m in (0,1) and
the functions Ua appearing in (3.4) consistent with the governing field
equations and boundary conditions. This objective is most easily reached
by recourse to the polar coordinates (r,6). Writing yu(r,e) in place
of §a(x1(r,9), xz(r,e)) one finds that the incompressibility condition

(1.3) becomes

;1 3y, ay2_3y2 A -1 (3.9
r\dr 296 3r 36 ' *

Further (1.3), (1.8), (1.12) lead to

3 _ e an T 1 I
or 2w (I)Hr+2w (1) [grr ar+r2 gre 36 ’
> (3.10)
3P . oy on 8L 1 L
36 = W (DHg+2w" (1) [gre 3r+r2 o0 36| ° |
and (1.4) furnishes
I=g + g (3.11)
rr r2 08 °’ *
with N
ay dy
a o2 a o2
Ho=3c V9% B3 =38 V7Y,
\ (3.12)
rr “3r ar ' Bre " 3r 30 * Beo T 30 38
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The boundary conditions (2.2) take the form

ay 3y )
oy 1 2
2W° (1) 30 +rp ™ o ,
> (3.13)
3y y
o, 2 1 - -
2W (1) 38 " Par 0 oné=ztn .
J

With the aid of (3.12) and (3.9), equations (3.13) are readily found to

be equivalent to

p-2&'(1)/grr=2ﬁ'(1)gee/r2 » Bg=0 for 6=ir . (3.14)

We thus need to determine m and Ua. in (3.4) consistent with (3.9),

(3.10) and (3.14).

Equation (3.11), together with (3.4), gives

1~e2® D 2 (0) + 52 ¢0) +m? (02 (0) + U2 (0)1] (3.15)

where the dot denotes differentiation with respect to 6. We shall hence-
forth take for granted that Ul and U2 do not have a common multiple

zero on [-w,m] so that the coefficient of r2(m—1)

in (3.15) does not
vanish on [-w,n].

Next (3.4), (3.9) lead to

3=ue?® Dy (0)5,0) - v, @5, )1 +0 (> D)=1 . .16)

2(m-1)

Dividing this identity by r , proceeding to the limit as r-—0,

and bearing in mind that m<1, we obtain

0102-02U1-0 on [-m,7] . (3.17)

I o

e P TR b R T s
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Thus,

Ua=aaU on [-m,x] , aa#O s (3.18)

in which a, and a, are constants and U an unknown function.

Equations (3.18), (3.15), (3.12), (3.10), (1.18) eventually lead

to
—21;- ~ 28220, 2@"D0=1 0007 0)
} (3.19)
D T A TOYIO N
J
provided
n_2 . 2 e
2=G “{G(U+mU)+ (n-1) [GU+ 2m(m-1)GU]} on [-m,w] ,
(3.20)
(;-1..12-0-m2U2 on [-m,n], a=/a]2.+a§ .
On the other hand, the boundary conditions (3.14) yield
UU=0 at @=#r |, (3.21)
p~2Ana2nr2(m_]')nGn_lI.J2 at 8=zm ., (3.22)
We now show on the basis of (3.22), (3.21), (3.19) that
Z=0 on [-m,7], U(-1)=0U(m) =0 . (3.23)
For this purpose we integrate the first of (3.19) to obtain
l)NZAaanZ(m--l)n mU(6)Z(98) (3.24)

2(m-1)n

i
|
|
t'
i
!
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According to (3.21) either U(w) or 6(“) must vanish. By assumption
U has no multiple zeros on [-w,7] sothat U(w) and ﬁ(n) cannot

vanish together. Suppose U(w)=0, ,I.I(Tr) # 0. Then (3.24) gives

2(m-1)

p(r,m) =o(r ) as r=0 , (3.25)

contradicting (2.22). Thus U(w) #0, 6(#) =0 and similarly U(-n) #0,

ﬁ(-ﬂ)==0. On comparing (3.24) and (3.22) we infer that
Z(n)=Z(-m)=0 . (3.26)

Next, we differentiate (3.24) with respect to & and use the second

of (3.19) to confirm

Ui+[1+ﬂ?)l]zﬁ=0 on [-m,m] . (3.27)
Equations (3.27) and (3.26) necessitate
Z=0 on [-m,n] , (3.28)
which proves (3.23). Thus
G(§+m0) + (n-1) [0 + 2m(-1)GU] = 0, U(-m) =U(m =0.  (3.29)

Equations (3.29) constitute a nonlinear eigenvalue problem that
arose also in connection with asymptotic analyses of other crack prob-
lems in finite elasticity [3], [4], [5] and was solved in [3]. The

unique eigenvalue in the range (0,1) is given by

m=1-1/2n, 1/2<n<o , (3.30)
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while the associated eigenfunction U is supplied by

2K2cosz(e/2) k/2

u(e) = sin(e/Z)[l- T+w(e.n)

where

1/2

w(8,n) = [1-«2sin%6] , x=(n-1)/n . (3.32)

The representation of the local deformation field furnished by

(3.4), (3.18), (3.31) yields only the weak estimates

J=o@2@hn),p=0075 as r—=0 , (3.33)

and is therefore inadequate. Furthermore, the Jacobian determinant of
the dominant terms in (3.4) is found to vanish, which reflects the de-
generate character of the asymptotic approximation established so far.

With a view towards refining this approximation we now replace (3.4) by
m' m' 1]
ya(r,e) =aarmU(e)+r va(e) +o(r ) , m>m , (3.34)

with m’ another unknown exponent and va(e) unknown functions that are
not permitted to vanish identically, while m and U are now given by
(3.30), (3.31). We suppose that (3.34) may be formally differentiated

at least twice. Again, by virtue of the discussion that led to the adop-
tion of (3.4) in place of (3.1), no generality is lost in assuming equal
exponents in the second term of (3.34).

From (3.34), (3.9) one now draws

1/2
:l [w(8,n) + x cos 6] . (3.31)
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J=rm'-2(mU‘I’—m'(.J\Y)+o(rm+ml-2)=l : (3.35)
where
‘l’=a1V2-a2V1 on [-m,7] . (3.36)
Consequently
n+m'-250 (3.37)

and further

mU‘i’-m'I.J‘P=O on [-m,7] if m<m'<2-m , (3.38)

mU¥-m'U¥=1 on (-m,7] if m'=2-m . (3.39)

Next, combining (3.34), (3.10), (3.11), bearing in mjnd (1.18), and re-
calling that U satisfies (3.29), one confirms with the aid of arguments

similar to those used in deriving (3.28) that

Y=0 on [-n,w] if m<m'<2-m , (3.40)
B ... 2 I}
Y=- E(U+m U) on [-m,7] if m’=2-m , (3.41)

where Y 1is an auxiliary function to be defined presently. In fact,

Y= G(5+m’ ) + 2R(U+m?0) + (- 1)
+2(n-Dm (m-1)xG+m(n +m- 2)UK+1.II.(] , (3.42)

in which

x-alvl+a2v2,x-§(ix+m'xu on [-m,m] . (3.43)

v ——e o m e—

alw X e

,,,
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Finally, the boundary conditions (3.14) lead to

)'((tvr) =0 if m<m's2-m . (3.44)
¥(t1) =0 if m<m'<2-m , (3.45)
¥(m) = 1/mU(n), ¥(-7) = 1/mU(-7) if m'=2-m . (3.46)

In view of (3.42), equation (3.40) together with (3.44) constitute
an eigenvalue problem for x with m' as eigenvalue parameter. On the
other hand, (3.41) is an inhomogeneous differential equation for x, to
be solved subject to the boundary conditions (3.44). Consider next the
characterization of Y through the differential equations (3.38), (3.39)
together with (3.45), (3.46). Since these boundary conditions are readily
seen to be implied by (3.38), (3.39), additional inf;rmation is needed
to determine the appropriate solutions. Such information is supplied by
the assumption that the solution ¥ to (3.38) or (3.39) possesses con-
tinuous derivatives of all orders on ([-m,m]. Equation (3.38) now poses
an unconventional eigenvalue problem: one is to determine the values of
m’ on the interval (m,2-m) for which the solution to (3.38) is infi-
nitely many times continuously differentiable on [-m,7].

We turn at present to the determination of the relevant eigenvalues
of (3.40), (3.44) or (3.38). If at least one of the foregoing problems
has eigenvalues in the appropriate range, we choose for m’ the smallest
such eigenvalue. The following three possibilities now arise. 1In case

’

m so determined is an eigenvalue for (3.40), (3.44) but not for (3.38),

x must be the eigenfunction associated with m , while ¥=0 on [-m,n].

e g e
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Next, if m’ 1s an eigenvalue for (3.38) but not for (3.40), (3.44),
¥ has to be the eigenfunction associated with m’ , while x=0 on
{~n,m]. Further, if m’ is an eigenvalue common to both problems,
¥ and x are the eigenfunctions associated with this value of m'.
Finally, suppose neither of the eigenvalue problems considered
above has an eigenvalue in (m,2-m). Then evidently m’=2-m and the
inhomogeneous equations (3.39) and (3.41), (3.44) are to be solved for
X and V¥, which in turn determine V1 and V2.
At this stage we investigate the solutions to (3.38) and (3.39).
Consider first (3.38). In view of (3.31), we find

¥=a,0" m o (0,11, ¥=a, 0" ™ on [-m0) |, (3.47)

in which a, and a, are constants. If ¥ 1is to possess unlimited

smoothness on [-w,7], n’/m must be a positive integer. Thus the

smallest eigenvalue m'>m 1is given by
n'=2m=2-1/n , (3.48)

and the associated eigenfunction by
¥Y=b U , (3.49)

where bo#O is a constant. In addition m’ defined by (3.48) conforms

to (3.37), provided

n<3/2 . (3.50)

In the event that nz=3/2, (3.38) does not possess an eigenvalue in

. ey e =
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(n,2-m). With a view to the determination of ¥ when nz3/2 we con-
sider (3.39) merely on the interval ([O,n], which will presently be seen

to be sufficient. Evidently
y=y'+v" on [-m,n] , (3.51)
if one sets

¥/ (0) =Z1¥(0) - ¥(-0)], ¥/ (8) =3[¥(6) +¥(-8)], -msosm . (3.52)

Moreover, ¥ and ¥ are found to satisfy
¥ ~w'0¥ =0 on [O0,n] , (3.53)

/]

oY’ -’ 0¥’ =1 on (o,v1 . (3.54)

If n=23/2, the only solution to (3.53) having an infinitely smooth odd

extension to [-m,n] 1is

¥=0 on [O,7] . (3.55)

Further, (3.54) gives

’ m
URE {"1'%] ——Q‘P‘z/—m} n'~2-m, (0s6sm), (3.56)
. o (U]

with bl an arbitrary constant. We now chaage the variable of integra-

tion in (3.56) from ¢ to £ by means of the one-to-one mapping

2 1/2
cost = L [1*ksin"g - w(p,n)cos ] (0sg s.’zl) ,  (3.57)

n/2 wlp,n) +kcos ¢

-
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w and x being given by (3.32). This change of variable carries
{3.56) into

1+ 2(n-1)cos2€ d
fcos E]Z/m

pl-1/m IEO

3

‘l’” (9) _Uml /m {b -
L
m

E] s (3.58)
0

where

1 [1+ Ksinze -w(6,n)cos 9]1/2
n/2 w(8,n) + kcos 6

cos 50- (0sesw) . (3.59)

The integral in (3.58) may be evaluated in terms of hypergeometric functions,

provided n>3/2. Following an analysis, the details of which will be omit-
ted here, one is led to the representation
n’ /m
¥ =b,U +4H on [0,7], m'=2-m . (3.60)
Here
b.=b _frr_n3-1/m I‘(1/2-1/m) (3 61)
2 1 . r(1-1/m) ° )
m
I denoting the Gamma function, while
n5/2 m’
H(8) = -— [w(6,n) + kcos 8]
m
X [fr F(1/2-1/m,1/2;3/2 - 1/m;coszio) - ksin Eo] . (3.62)

ot

¥
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PEITEILT

Al

EeeTY WY e

E TR . TP T

J—




-30-

in which F stands for the hypergeometric f\mction.1 Now if v“ s
to possess continuous derivatives of all orders on [0,7] then b2

must vanish.2 From (3.51), (3.55), (3.60) one infers
y(0) =H(8) (-msesw) . (3.63)

One draws from (3.62), (3.63) and familiar properties of the hypergeo-

metric function that

v(0) = -202 2 (2m) "/’

(3.64)
y(tn) =207 0" T(3/2 - 1/m)
=m m’ T({d-1/m) °

the first of which is also a direct consequence of the differential
equation (3.39). The second of (3.64) will be used later in discussing
the shape of the deformed crack.

In case n=3/2, (3.39) fails to admit a solution of the requisite
smoothness. We postpone consideration of this special case, which requires
separate attention, until Section 4 and turn to the determination of .

Consider first (3.40) and set
x=x +x’ on [-m,a] , (3.65)
where

X’ (8) =3x(0) = x(-8)], x” (8) =3{x(8) +x(-8)] (-n1s8=7) . (3.66)

1See for example [15], p.556.

ZNOte that H(9) 1is an even function of © with continuous derivatives
of all orders on [-n,7] and recall that U(8) has a simple zero at
6=0.
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From (3.65), (3.66), (3.40), (3.42) we have, bearing in mind the parity

of U,

G(i('+m'2x') + 2K’ (ij+m2U) + (n-~ 1)).('(.;+2(n- D m-1)x'c

+m(m+m-2)UK +UK']1=0 on fo,=} , (3.67)

G +m 2" ) + 2K (F+m2U) + (n-1) X“G+2(n-1) [ (m-1) x"“C

+o(m +m-2)UK” + UR”]1=0 on [0,7] , (3.68)
where

K=x'U+mm’x'U, K’=x"U+m’ x“U . (3.69)
Next, (3.66), (3.44) furnish
xX(m=0, x' (=0 , (3.70)
X' (=0, x"(0)=0 . (3.71)
The differential equation (3.67) and the boundary conditions (3.70)

are also encountered in [4]. As indicated there, the transformations

1 [1+ Ksinze -w(6,n)cos 6]1/2
n/? w(0,n) + xcos 8

cos E= (0s9sw) , (3.72)

wl(g)-[m(e,n)+.<cosel"" x'(8) (0seswm) (3.73)

reduce (3.67), (3.70) to

ﬁl(g)nzwl(g)-o Osgn/2), W (0) =W (x/2)=0 ,  (3.74)
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where

A% = 4on’ (pm’ -n+1)/(2n-1) . (3.75)
The transformed eigenvalue problem (3.74) has the solutions
Wl(E)'clcosAE, A=3  (§=1,3,5,...) (3.76)

in which ¢ is a constant. Under the transformation

1
Wz(g) = [w(8,n) + kcos e]'“‘ x” (8) (0sesw) , (3.77)

together with (3.72), equations (3.68), (3.71) become
() +25, () =0 (0SEST/2), U, (0) =W, (x/D =0 ,  (3.78)

and the solution to (3.78) is given by
wz(g)-czcost, A=3 (J=2,4,6,...) . (3.79)

Thus the eigenvalues of the original problem (3.40), (3.44) are

the solutions for m’ of

2

4om’ (nm’-n+1)/(2n-1) = (3=1,2,3,...) . (3.80)

For i an odd positive integer, x" =0 on [-m,n] and x'(8) 1is fur-
nished by (3.76), (3.73), (3.72), while if j is even, x'(8) =0 on
[-m,7] and x”(8) 1is furnished by (3.79), (3.77), (3.72).

On discarding negative roots m of (3.80) one arrives at

n'=f+ 8 + B 42 (3=1,2,3,...) . (3.81)
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; Further,
m’=1-1/2n=m 4if j=1 |, (3.82)
so that j=2 2 since m’'>m. The minimum admissible eigenvalue m’

occurs at j=2 and is given by
ml=%[|<+v’a<2+8m/n], k=(n-1)/n (3.83)

the corresponding eigenfunction is readily shown to be

22

‘ 2
x(9)=c2[w(6,n)+|<cos o1™ 1tksin e—w(e,n)cose_l (-mr<06=smw). (3.84)
[(w(8,n) + kcos 8] n

The eigenvalue (3.83) conforms to (3.37) as long as

n<7/2 . (3.85)

Finally suppose that n=z7/2, in which case (3.40), (3.44) do not
possess an eigenvalue on (m,2-m). Equations (3.41), (3.44), (3.65),

(3.66) in conjunction with the transformations (3.72), (3.73), (3.77)

lead to
i i Bcv/n .
W () + 2% (6) = - %52 cose, Wy (0) =W (/D =0,
(3.86)
Wy(8) + 25, (8) = 0, W,(0) =W, (/) =0 ,
where

32=3(2n+1)/(2n-1), x=(n=1)/n . (3.87)
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Thus,

w1(5)= —-BTKR/LCOSE if nz27/2 , (3.88)

4Am” (14n)

WZ(E) = c,cos 2 if n=7/2 (c2 = constant)

(3.89)
w2(£)=o if n>7/2 .

Equations (3.88), (3.89), together with (3.77), (3.73), (3.72), in turn

furnish
4
x(8) = - _B;—Z/_n_ [w(8,n) + kcos 8]™ -1 /1+ Ksinze - w(8,n)cos B
4Am"~ (14n)

‘ 2
+ cz[w(e,n) + kcos G]m l+csin 6-w(®,n) ‘Z:O;e -1} (-ms9sm),
[w(9,n)+Kkcos B8] n

m'=2-m |, (3.90)

for n27/2, with cz-O when n>7/2,

At this point we summarize the various possibilities that arise
in the determination of the second term in (3.34). First, if nz27/2,
there are no eigenvalues of (3.38) or (3.40), (3.44) on the interval
(m,2-m). Thus m'=2-m 1in this instance and x, ¥ are given by

(3.90), (3.63). On solving (3.36) and the first of (3.43) for Vu, one

is led to

Vl- (alx-azv)/az, V2- (81W4'32X)/82- on [-m,n] . (3.91)
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Next, suppose 3/2<n<7/2. 1In this case only the x-problem admits !
an eigenvalue on (m,2-m), which is given by (3.83), whereas x 1is sup-

plied by (3.84). v, is now found by setting ¥=0 in (3.91), which

gives
2 2
V1= alx/a s V2= azx/a on [-m,m] . (3.92)

Finally, for the range 1/2<n<3/2, in which case both the x-problem
and the Y-problem admit eigenvalues on the appropriate range, we seek

the smallest such eigenvalue. This criterion, along with (3.48), (3.83),

leads to
mlg%[ﬂ_ /K2+3m/n] if 1<n<3/2 , W
m'=1 if n=1 |, ro(3.93)
ml-Z—lln if 1/2<n<1 .
W,
Further,

¥=0 on {-w,m] for 1<n<3/2, x=0 on [-m,m7] for 1/2<n<1 . (3.94)

For 1/2<n<1, V(Jl is supplied by

2 2
V1 —az\l’/a . V2 al‘l'/a on [-m,m} , (3.95)

where ¥ 1is given by (3.49)., When n=1, both problems have the common
eigenvalue m'=1. In the following section we shall explore in greater
detail the Mooney-Rivlin material, which is a power-law material with

n=1,
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It is convenient, for reasons that will be made clear presently,
to apply an additional rigid rotation to the deformation field charac-
terized by (3.34)., In particular, consider the rotation tensor whose
component matrix in the underlying frame is given by

a2/a -alla

. a=¢ai+az . (3.96)

[%q] -
apB 2
alla aZ/a
Calculating y* 1in the first of (3.5) from (3.34), (3.96), bearing in
mind (3.36), (3.43) and dropping the asterisk from the resulting estimates

for the components y: , one arrives at

y1(r,0) == 2™ ¥(o) +oe™)
(3.97)

yz(r,e) = ar"vu(e) +%rm x(8) +o (™)

The significance of (3.97) is as follows. Suppose, in particular, that
n>7/2 and consider the deformation-image of the extended crack axis

6=0. From (3.97), (3.90), (3.64), (3.31) follows

1/2 -m v ’ ’
Zn_0m) T o(™), oy, 0 =olr™) ,  (3.98)

yl(r,0)= o a

and thus the ray 6=0 after deformation is tangent to the xl-axis at

the origin.

In case 1<n<7/2 (n#3/2), ¥=0 on ({-m,n] and the first of
’

(3.97) yields merely the weak estimate ylso(rm ). There is, however,

no difficulty in establishing a non-degenerate estimate for Yy- Indeed,
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let

" "
yl(r,9)=-;rm X(@) +o(x™ ), n’>m , (3.99)

=

-and suppose that Yy is given by the second of (3.97). Entering (3.9)
with this Ansatz, one has

m}'CU—m”X‘[.J=O if m<m“<2-m

(3.100)
nXU-n”“X0=1 if m“=2-m

These equations are simply (3.38), (3.39) with m’, ¥ replaced by m”,

X, and hence

"

1 2

m =2—n, X=bOU on [-wm,m] for 1<n<3/2 ,
(3.101)
m”=1+2—];1, X=H on [-w,m] for n>3/2
Thus for 1/2<n<3/2,
2 2
y,(r,8) =b e 0(e) 12+ o (™™
(3.102)
mU 1 o n’
yz(r,e)=ar (6)+;r x(8) +o(r ) ,
while for 3/2<n<7/2,
y,(r,0) == L2 mee) +o(e2™)
(3.103)

y2(r,e)=armU(9)+%rm x(8) +o(r™)

m', x and H being given by (3.83), (3.84), (3.62). 1In case nz27/2,
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y (5,0 == 2r? TMH(e) +o(s2 T
(3.104)
- 2-
yz(r,e)=armU(e)+%r2 mx(9)+0(1‘ m) ,
with X now furnished by (3.90). U and m are supplied in all cases
by (3.3C), (3.31). As mentioned earlier, the special case n=3/2 will
be dealt with in the next section.
We now turn to the determination of the local structure of the pres-
sure field, which has been assumed to admit the representation (3.3). From

(3.9), (3.10), (3.12) follows

y 3y oy oy
o, 2 o 131, 1 Y1ar)_1fop Y2_ap Y2
W(1)V 7y + 2w (I)<8r 3r+r2 20 ae> r<ar 30 26 a:) - (3.105)

Suppose first 1/2<n<3/2, in which case Yy is given by (3.102). Sub-

stituting from (3.102) and (3.3) into (3.105), one is led to

AnAboaz"'zc“r‘1+ o(e™ Yy = ar™ 2 (0pf ~mBt) + 0 (™2, (3.106)

where G 1is given by (3.20). By virtue of the boundary conditions

(3.14), along with (3.102),

2(n-2)r(2—n)/n

\

p(r,xn) ~2nA[maU(n)] s (3.107)
whereas from (3.3),

p(r,tn)tvrzP(tn) . (3.108)

Since bo#o one has
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£<1l-m=1/2n

From (3.107), (3.108), (3.109) one now draws
P(zn) =0
Suppose £<1/2n. Then (3.106) gives
PU-mPU=0 on [=m,7] ,
which together with (3.110) yields
P=0 on [-m,w] .

Therefore

£=1/2n ,

2P0 - mPU = 4nab a2~ 3"

0 on [-m,n], P(¢m) =0

The solution to (3.114) is found to be given by
P(0) = 4b0Aazn—3n5/2-nm2n-2[w(e,n) + xcos e]1/2n /1 - c:os2£0 .

with cosE0 and w(8,n) given by (3.59), (3.32).

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

(3.114)

(3.115)

When n>3/2, substitution from (3.103) or (3.104) into (3.105)

eventually yields

2n—4Gn-2

mPU - 2PU = 2nAa S on [-w,m] |,

(3.116)

(3.117)




S=G[H+ (2-m)2H]+ (n-1)[EA+2(2-m) (m- 1)GH] . (3.118)

The boundary conditions (3.107), (3.108) give

P(tn) = 2nAlamU(m) 124 . (3.119)

The boundary-value problem consisting of (3.117), (3.119) fails to admit
a solution with continuous derivatives of all orders at 6=0, and con-
sequently the Ansatz (3.3) cannot possibly be consistent with the field
equations when n>3/2.

In summary, the behavior of the pressure near the crack-tip is

governed by

p(r,8) =t/ (0) + o (r/®™®) for 1/2<n<3/2 ,

(3.120)

-1+1/n)

p(r,8) =olr for n>3/2 ,

with P furnished by (3.15); the weak estimate for p appropriate to
n>3/2 follows from (3.10) together with (3.103) or (3.104). A non-
degenerate presgsure estimate valid for n>3/2 would presumably neces-
sitate a higher-order asymptotic analysis of the deformation field.

We note that if n>3/2 the dominant terms in (3.103), (3.104)
have a Jacobian determinant J~1 and hence constitute a locally one-to-
one mapping. 1In contrast, J computed from the dominant terms in (3.102),

r1--3/2n

which apply to 1/2<n<3/2, is merely of ). The discussion in

the next section of the Mooney-Rivlin material (n=1) and of the special

— = ——
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case n=3/2 will, however, lead to an improved approximation to the

deformation at least when 1sn<3/2.

A

r
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4. The transition case n=3/2. Higher-order analysis for the Mooney-

Rivlin material.

We first investigate the modifications necessary in the asymptotic
structure of the deformation and pressure fields when n=3/2. The fol-
lowing analysis parallels that in [4] for the derivation of the logarithmic

term in the deformation field when the hardening parameter there takes the

value 7/6.

Recall from the first of (3.103) that
y, (5,0 =-2:¥ (e, + o™, >3/D) .1t
and note on the basis of (3.62) that

¢o0(0,3/2)1°

H(8,n) = ———ar—— +0(1) as a=3, ¢ f—;/% (4.2)

Thus yl(r,e)-'a) as n=—3/2 from above for all 6#0 and every suf-

ficiently small r>0. Consequently the preceding estimate for Y1 is

inadequate near n= 3/2.

We shall now show that in a deleted neighborhood of n=3/2,

2-1/n

y,(£,0) = - L e 2y 1y b 020, mr P M u0e™) )

with m*-max(1+1/2n, 2~1/n) and bo#O a constant. Suppose first that

n>3/2 and replace (4.1) by

1We now write U(8,n), H(8,n) 1in place of U(8), H(8) 1in order to em~
phasize the dependence of these functions upon the hardening parameter.

—_— —— 4

e —— oo —— = g =
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4 "

y, (0 = -2 Pae,m) + 1 T(6,m+o0(x™ ), ' >2-m . (4.4)

Substitution from (4.4) and the second of (3.103) into (3.9) leads to
oUT -0’ TU=0 on [-w,%] , (4.5)
which is merely (3.38) with m', ¥ replaced by m”, T. Thus

n”’=2m=2-1/n, '1‘=b0U2 . (4.6)

In case 1<n<3/2, a similar procedure yields
y,(r,0) =byr?™2(e,0) -1 2 Pu(e,n) +0 (2™ 4.7

which confirms (4.3). It should be noted that the first term of (4.3)
dominates as r—=0 for n>3/2, while for n<3/2 the second te;m dom-
inates; in either case the respective dominant term agrees with our pre-
vious results. The two terms trade the dominant role as n passes
through 3/2, the respecti.ve powers of r having the common exponent
4/3 at n=3/2,

From (4.2), (4.3) now follows

141/2n ' 2
yl(r,e) = —% %—_—37—2— +bor2 =1/n [U(9,3/2)] + rl+l/2nn1(e)

2-1/n

+b0(n-3/2)r n2(9)+o(rm*) as n—3/2 . (4.8)

where nl(e) and nz(e) are functions that stay bounded as n-—3/2,

Thus 1if yl(r,e) is to remain bounded as n=3/2 one must have
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c
1_0 -
bo am‘i‘O(l) as n=—3/2 . 4.9)
Proceeding to the limit in (4.8) as n=3/2 one arrives at

3co
y, (x,8) =—% [0(8,3/2)]
2an

2r4/3 4/3

logr+r/3ne) +0r*’3 , (4.10)

in which n(8) 1is bounded. This result motivates the following modifi-

cation of (4.3) in case n=3/2, We suppose

yl(r,e) = r“alogtvl(e) +r4/3v2(e) +o(r4/3) , (4.11)
and, recalling (3.102), (3.103), assume
yz(r,e) = ar2/3U(6,3/2) + 0(r2/3+6) s (4.12)1

where &6>0. Substitution from (4.11), (4.12) into (3.9) yields

L2 o . L 3 - 1
le-Zle o, Uv2-2Uv2-2v1IJ-a) on [-m,n] . (4.13)

The first of (4.13) gives

2
vl-clu on [-w,m] |, (4.14)

so that the second of (4.13) may now be written as

. . 3 + 2 1
Uv2-2Uv2--i cllJU -;) on ([-m,n] . (4.15)

1Metely requiring the error to be o(r2/3) is inadequate for the present
purpose.
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If (4.15) is to possess a solution v, of unrestricted smoothness on
{-7,n], then c= 3c0/23n2 in agreement with (4.10). 3
Next, observe that in view of (4.9), (3.115), P becomes unbounded

as n—3/2 for -w<6<w. The foregoing analysis suggests that we re-

place (3.3) by

1/3

p(r,8) ~r /'’logrP(8) for n=3/2 . (4.16) ¢

Substitution from (4.11), (4.12), (4.16) into (3.105) gives

B %

%Pf]-%i’u-(u\c 3% on [-m,m] . (6.17)

Moreover, from the boundary conditions (3.14),

P(n) =0 . . (4.18)

Consequently,
P(e)-locOA[m(e,3/2)+%cosell/3 v’l-coszgo for n=3/2 , (4.19)

in which coszio is given by (3.59) with n=3/2,
Equations (4.16), (4.19) supply a non-degenerate estimate for the
pressure in case n=3/2. In addition, (4.3) together with the second of

(3.102) yield a locally one-to-one approximation of the deformation if

l<n<3/2.
We turn now to the Mooney-Rivlin material (n=1), which has the '
complete elastic potential (1.19), and seek improved estimates for the

corresponding deformation and pressure fields.

The equilibrium equations (3.10) in this instance reduce to




b6~

=H

|
w‘g:
a1

13p
” H, (4.20)

r’ 30

with Hr and He supplied by (3.12). The boundary conditions (3.14),

in turn, at present become

o6

1 1
ip e 7 B.g 0 at O8=%7w . (4.21)

Setting n=1 in (3.30), (3.31) one finds that

m=1/2, U(8) =sin(6/2) . (4.22)

We recall also that the eigenvalue problems determining x, ¥ — and hence
Va in (3.34) — admit the common eigenvalue m'=1. Upon substituting

n=1 in the corresponding solutions (3.49), (3.84) one arrives at

cosB, ¥=2Db sin2

x=b 2

|

1 R (4.23)

where bl and b2 are constants. Finally, (3.113), (3.115) supply a

first estimate for the pressure:

2ub
£=1/2, P(8) =-

Zcos% ) (4.24)

Equations (3.3), (3.34), (3.91) together with (4.22), (4.23), (4.24)

now give

&
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yl(r,e) = alrl/zsin%+:12— [alblcos 6- a2b231n2 %]r+ o(r) ,)

yz(r,e) = azrl/zsin-g-+a—12 [albzsinz—g-+ a,b,cos 6lr+o(r) , >(4.25)
p(r,0) = - 2:—22-r1/2cos%+o(r1/2) . )

With a view to refining these estimates we first replace (3.34) by

1/

g (£,0) =a r/2u@) + v (8) + r™*R (0) + 1 *S () +o(r ®) . (4.26)
a a a o Q

where m;>m*>l and Ra’ sa are as yet undetermined, whereas the func-
tions U, Vm are already known. Combining (4.26) with (3.9), (4.20) and
invoking the boundary conditions (4.21) one finds after considerable com-

putations that

m,=3/2, my=2 , (4.27)

L - =1 -
Rl az[alxl 52\1'1], R, 82[a2x1+a1‘¥1] on [-m,m] , (4.28)

1 1
Sl ?[alxz—azwzl, 82 :f[azx2+al\l‘2] on [-m,m] , (4.29)

with ‘{’1, Xqo ‘{‘2, X supplied by

2b.b )
39 172 0 26 0 4 38
‘l’l(e)-czsin 7+—?—-—s1n7—losin 7C085-3c08" 5 ,
>{(4.30)
b2
36 2 ]
xl(e) -clsin—---2 --—2 2sini ,
a J

'
:
|

%
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3 2
46 b2 8b1b

1 2 2
‘1’2(9) dlsin E+-a—2 <3blcz-? az —<+ 6b c1> in

N|@

2
bbb 8b 2b
+ :42-—2—1cos%sin3%-a—21cos3-g-sin-g- N

P (4.31)

b

xz(e) =—%—[231n 0 -sin 28] +d.,cos 26
a

2

W22 (2abp ) o Paf7 PPy g
2 2 4 2 A 2 16 "2
a a a a

Here C1s Cos dl’ d2 are constants.

In order to calculate an additional term for the pressure field,

we apply the rotation with the component matrix (3.96) to the deformation

field (4.26).1 This yields

y,(r,0) == Lrvo) 232y (o) -1rPy, (@) +0(cD)
(4.32)
yz(r,e)-ar 1/2 u(e) += r)((e)+l 3/2 (e) +-;—r2x2(e) +o(r2) .
Next, for the Mooney-Rivlin material, (3.105) reduces to
oy oy
2, 213 "2 3p "2
WYL T (31‘ 36 36 ar ) ’ (4.33)

We now suppose that the pressure field conforms to

1Recall that the pressure field is not affected by such a rotation.
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¢ 4

P(l’.e)=r’LP(e)+rE P1(9)+o(rl ), L'>2 (4.364)

with 2, P supplied by (4.24) and &', P. unknown. Equations (4.32),

1
(4.33), (4.34) and the boundary conditions lead to

2 2 2
a

3c. Sb.b
g'=1, pl(e)sz—;[a-zsinzﬂ-<-—2+ 1 2>sine] } (4.35)
a

Finally, suppose that the Mode I loading (2.15) prevails at infinity,
in which case the local deformation field (4.26) is to be symmetric about

the xl-axis. In this case,

a1=0, a,=a, b1=0, c2=0, d2=0 , (4.36)_
and (4.26) reduces to

Yl(r,e) = ~%rbzsin2-e—+%r3/2 [l;si.n?'gcosg+i cos32]

2 2 23 2
2b b2
1.2 46 2 2 29 2
3T [dlsin -2-+:2—<3c1-—2-;—2-)sin iil +o(r™) ,

r(4.37)

2
b
1/2 . 8.1 3/2 36 __2 8
yz(t,e) ar sin2+ar [clsin2 sinz]

b
+—§r2[29109-sin 29]+o(r2) . J
a

Further, the associated pressure field conforms to
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2ub2 6 2

p(r,0) =- —Tcos—2-+—gr (3-cos8)+o(r) . (4.38)
a a

The above results for the symmetric loading mode are identical with those

arrived at in an unpublished study by Knowles and Sternberg, which is sum-
marized in [9]. In contrast, it is not possible to specialize the con-
stants in (4.26) so that the displacement field u, =Y, X, has the parity
of 4 in (2.7).

This fact is consistent with the conclusion reached at the end of
Section 2, according to which the Mode II problem for the Mooney-Rivlin

material fails to admit an antisymmetric global solution.
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5. Discussion of the deformation and stresses near the crack-tip.

Our initial objective here is to explore the asymptotic results
for the deformation field established in the preceeding two sections. Of
particular concern is the deformation image of the crack faces 8 =%7.

Suppose first that n>3/2 and consider (3.103). Then, to leading order,

y,(r,0) = =24/ 2 gy 4 o (/2

(5.1
yz(r,e) = arl_llan(e) + o(rl-llzn) .
In view of (3.31), (3.64), one has in particular
-~
__1 141/2n __ Yoam _ I(3/2-1/m)
yylr,tm)=-gr 2, 1/2n T(2-1/m)
2m m n
1+1/2n 1
+o(r ), m-l—2n , &(SJ)
yz(r,v) - arl—l/2nﬂ-o</2+ o(1_1-1/211) ,
yz(r,—w)=-arl-llznn-Klzi-o(rl-llzn) ) J

Thus, to dominant order, the two crack faces are carried into the

curve represented by

1The shape of the deformation image of the crack faces is of course in-
variant under a rotation such as (3.96),.

B
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2n-1
2n+1
= +K(n)a"" | <0, K(n) #0 (5.3t
yz hant azn b} yl 2 . .

From (5.1) it follows that points near the crack-tip in the undeformed
body lie to the right of this curve after deformation. We note on the

basis of (5.3)2 and (3.34) that the crack is bound to open when n>3/2,

regardless of the magnitude and nature of the particular loading at in-
finity. This conclusion, which is readily shown to hold also for
1<n=<3/2, is in marked contrast to the predictions of the linearized
theory for a Mode II loading.

It should be emphasized, however, that the foregoing result is con-
tingent upon the applicability of the Ansatz (3.4), inwhich the functions
Uu are not permitted to vanish identically. For example, in the presence
of a loading of uniform uniaxial tension parallel to the crack faces, the
ensuing deformation field is homogeneous and the crack fails to open. In
this instance the deformation field is non-singular at the crack-tips, so
that (3.4) cannot possibly apply. We shall remark on the question of the
scale of the crack opening later in this section.

Note that the local deformation field (3.34) may be regarded as the
result of two successive mappings: a deformation of the undeformed body,
in which the crack opens, at least when n>1, followed by a rigid rota-
tion, with QaB given by (3.96). 1In view of the principle of objectivity

we shall therefore be entitled to base the computation of the local stress

1The specific form of K(n), which is expressible in terms of the Gawma
function, is of no particular interest here.

2Recall from (3.18), (3.20) that the amplitude parameter "a" cannot vanish
in this instance.
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distribution on (3.102), (3.103), (3.104).

We cite next the symmetric deformation fieldsl appropriate to a i
Mode I loading at infinity. Since U in (3.34) is an odd function, one
has a

1 2
For 1/2<n<3/2,

=0, a,=a, This specialization leads to the following results.

y, (r,8) = b, [U(6) 122-1/n ( 2-1/ny

s

(5.4)
yz(r,e) = aU(e)r1—1/2n+ o(rz-l/n) ,

while for n>3/2, !
|
yl(r,e) - _%rl+1/2nu(e) + o(rl+l/2n) , ,
(5.5) -
yy(r,8) = arl_llznu(e) + x(e)r1+1/2n+ 0(r1+l/2n) s t’
t
|

in which x 1is furnished by (3.90) with ¢,=0. Finally, for n=3/2,

2 |

yl(r,e) = b0U2(9,3/2)r4/3log r +0(r4/3) .
(5.6)

y,(x,0) =ar?3ye,3/2) + 03y . |

It 1is not possible, however, to speclalize the asymptotic results E

for the deformation so as to arrive at an antisymmetric local displace-

ment field, at least when n>1l. To see this, recall that U, =Y, "X,

a

and observe that for n>1 one has m'>1,whence (3.34) give

10bserve that the associated displacement field u, =y -x, 2 1is also
bound to be symmetric by virtue of the parity of L
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ul(r,e) = alrl"l/znu(e) ~rcos6+o(r) ,

(5.7)

uz(r,e) =3 rl-l/zn'l](e) ~rsiné+o(r) .

2

The constants in (5.7) evidently cannot be chosen to yield a displace-
ment field of the desired parity.

As we observed in the previous section, the local asymptotic solu-
tion obtained for the Mooney-Rivlin material (n=1) also fails to admit
an antisymmetric displacement field. The foregoing conclusions concern-
ing n=21 1lend support to the conjecture that there does not exist an
antisymmetric global solution for all values of the hardening parameter.

At this stage we calculate the associated local true-stress field,

as well as the strain-energy density. On account of (1.7), (1.12) one has

.

o
T8 W (I)FayF —péas . (5.8)

By

Suppose first that 1/2<n<3/2. 1In this case, (3.102) and the first of

(3.120) ,together with (5.8), yield

1-1/n 1-1/n

ru(r,e)=r Tll(e,n)+0(r )

-1/2n

le(r,e)=r_1/2n'1‘12(6,n)+o(r )y r (5.9)1

-1 -
Tzz(r,e) =r Tzz(e,n)-l-o(r 1)

If n>3/2, the appropriate stresses obey

1Observe that the true stresses here are referred to the material polar
coordinates (r,0).
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v, (r,0) =0 (™M) )
1,50 = R (o0 407y r(s.m)
T, 0 = T, (6,m +oc™h . )

The auxiliary functions TuB appearing in (5.9), (5.10) are defined by

\
T,.(8,n) = 8Ab2a2n 2mznnz_n[m(e,n) + kcos 6]1“1/n coszi ’
11 0 (0}
le(e,n) = 4Ab0a2n-lm2nn3/2—n[m(e,n) + kcos 91-1/2n cos Eo s~ (5.11)
T,,(8,m) = 24a°"u’ n ™ [w(8,n) + xcos 6171, )

with cos Eo given by (3.59), while 'f12 involves the hypergeometric
function and will not be cited explicitly.

In the transition case n=3/2, equations (4.11), (4.12), (4.16)
may be used to deduce the corresponding stress field. We note that in
this instance 1 '

22 1s given by the last of (5.9) or (5.10) with n=3/2

and thus the representation

1,,(r,0) = r-szz(e,n) +or hy | (5.12)

is valid for 1l/2<n<m.

The components of stress in (5.9), (5.10) are those associated

with the rotated deformation fields (3.102), (3.103). If T;B are the

true-stress components associated with the original field (3.34), one has

s e —— s —
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the first of (5.10) is precluded by the weak estimate for the pressure
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X =
T QanvBTuv , (5.13)
in which QaB are the components (3.96) of the rotation tensor Q. L
Observe that a more satisfactory estimate for = than that in !1
't

in (3.120). It is interesting to recall in this connection that the
asymptotic solution in [3], [4] of the Mode I crack problem for a class
of compressible elastic solids also fails to yield a non-degenerate

estimate for the stress T11 at sufficiently large values of the cor-

T NIRRT T

responding hardening parameter. The most singular of the stress com-
ponents in (5.9), (5.10) is Tyos which becomes infinite at the crack-tip i
like r—l. According to (5.11), T22>0, and hence Ty is tensile for
all small enough values of r.

We now determine the dominant character of the true stresses when
the latter are referred to the spatial coordinates Yo Since such a
representation of the stresses depends on the availability of an in-

vertible estimate for the local deformation we confine our attention at

present to n21l., One draws from (3.34) that

~g(20-1)/2n 22,2

r 1f ry=y;+y, . (5.14)

*

Equations (5.9), (5.14) imply that for 1=<n<3/2,

2(n-1) -1 -2n |
2n-1 2n-1 2n-1 1
1 Of\r, . 112-0 T, » Ty O\r, . (5.15)

For n>3/2, (5.10) yield

‘
¥
i
t




-2(n-1) -2(n-1) -2n
2n~1 2n-1 - 2n-1

» T2 =01r T22= O\ %s . (5.16)

We observe that the singularity of Ty in (5.15), (5.16) bgcomes pro-
gressively more severe with increasing values of the hardening parameter
and — for the range of n under consideration — is always st:ronger than
that predicted by the linear theory.

From (1.18), (3.34) we gather that

P =422 @) r T+ oe™l), r-0, n>1/2 , (5.17)

so that the strain-energy density has a singularity near the crack-tips

which is of the same order as its counterpart in the linear theory.
Finally we supply an estimate for the amplitude parameter "a",

valid for small loads at infinity. In this connection we recall a conser-

vation law appropriate to the equilibrium theory of finite plane strain:

for every curve C that is the boundary of a finite regular subregion

of I,

f (Wn-Es)de=0 , (5.18)"

C
provided W and F are the strain-energy density and the deformation

gradient tensor, whereas n 1is the unit outward normal of C and s

is the Piola traction,

1(5.18) is an adaptation to plane strain of a conservation law originally
due to Eshelby [16]. The importance of this conservation law in fracture
mechanics was first recognized by Rice [17].
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s=gn on C . (5.19)

The conservation law (5.18) holds for both compressible and incompressible
materials, and is readily confirmed with the aid of the divergence theorem
and the appropriate field equations.

For the present purpose we consider first the Mode I loading case
and assume that the solution to the nonlinear problem for sufficiently
small loads is uniformly approximated by the corresponding solutiun from
the linear theory, at all material points a finite distance from the crack-
tips. A limit process depending on this assumption enables one to deduce from
(5.18) and from the available solution of the linearized problem the de-
sired small-load amplitude estimate. Since the required calculation is
strictly parallel to one spelled out in detail in [3], we cite the en-

suing estimate directly:

a2n_ <72bnn-2
4uAm2n-1

+o(02) as o—-~0 . (5.20)

Here o 1is the applied normal stress at infinity, 2b 1s the crack
length, while u 1is the shear modulus at infinitesimal deformations.
According to a conclusion reached earlier in this section, the
finite theory — in contrast to linearized elastostatics — predicts that
the crack opens in the vicinity of its tips also for a Mode II loading,
at least for a certain ;ange of the hardening parameter. Clearly, if the
solution to the linearized Mode II problem is to approximate its counter-
part in the finite theory uniformly at small loads on every bounded and
closed material point set that excludes the crack-tips, the lengths of

the opening crack-segments would have to tend to zero with the load

-
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intensity. Making this assumption, invoking the conservation law (5.18)
once again, and appealing to the Mode II results of the linear theory
summarized in (2.12), (2.13), (2.14), one is led to precisely the esti-

mate obtained for Mode I:

2. n-2
Lsa2“=°—b-“2n—_1 +o0@?) (5.21)
4uAm

in which o¢ 18 now the shear stress applied at infinity. The length
parameter L, in view of (5.3), governs the scale of the crack-opening,

which is thus found to be a second-order effect at small shearing loads.
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Appendix: Representation of functions biharmonic in a neighborhood

of infinity.

In this paper a function U 1is called biharmonic on an open
plane region R, which need not be simply connected, if it is four times
continuously differentiable on R and V4U==0 on K.

Let 71 be a neighborhood of infinity in the (xl,xz)-plane, so
that 7 is the exterior of some circle centered at the origin, and let
7’ be the simply-connected domain obtained by deleting from 7 its
intersection with the positive xl-axis. As shown by Muskhelishvili
[14] in his analysis of the structure of the Airy stress function on
multiply connected domains, any function U biharmonic on N’ , whose

partial derivatives of the second and higher orders admit continuous ex-

tensions to 7, may be represented in the form

U(x ,x,) =Re {Z¥(2) +x(2)} , (1)

where

¥(2z) = Azlog 2 + Blog z + ¥*(z) ,
(2)
x(z) = Czlog 2+ Dlog z + x*(z)

Here z-x1+ ixz-pei(p , logz refers to the principal branch of the

logarithm, while ¥#*(z) and x*(z) are functions analytic on 7.

Let A,, B D, and Az, BZ’ C2, D2 denote the real and

1° Byr €0 Dy
imaginary parts of A, B, C, D, respectively. Invoking the Laurent ex-

pansions on 7 of V¥*(z) and x*(z), one readily deduces from (1) and

Rt e

LY. B

oty m——

Py
il

AT,




-61-

(2) the representation

2 2
U(xl,xz) = Alp logp - Azp ()
+ [ (B1 + Cl)cos @+ (B, +C,)singlologp

+ [(B1 -C))sing- (B, + C,)cos 9log

+ Dllog p=Dyp+ I Ia

j=-o

jcos jcp+bjsin h [

+c cos() - D+ dysin(d - Dgle™ (3)

valid on N’ , the coefficients aj, bj’ cj, d, being real constants.

3

Suppose now U 1is biharmonic on 7 and hence.continuous on %
together with all its partial derivatives up to the fourth order. Then

(3) demands that

A2=0; B -C2=O; B +Cl-0, D2-0 . (4)

1 2

Suppose further that

U(xl,xz)to(l) as p=o00 . (5)

This requirement evidently yields the additional restrictions

Ay =0, B,+C =0, B,+C,~0, D =0, a =b,=c

i 3

j-dj-O for <0 . (6)

In view of (4), (6), the representation (3) finally reduces to
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U(xl,xz) =z [a
j=0

cos jp+b,sin jo+ c . cos(j - 2)p+d, sin(j - 2)cp]p-j . (D

A 3 b 3

This expression is valid on 7], the infinite series being uniformly and
absolutely convergent on every closed subset of 7. Thus any function

biharmonic on 7 and bounded at infinity necessarily admits the re-

presentation (7).
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